Optically-detected magnetic resonance using Nitrogen Vacancy (NV) color centres in diamond is a leading modality for nanoscale magnetic field imaging, 1-3 as it provides single electron spin sensitivity, 4 three-dimensional resolution better than 1 nm, 5 and applicability to a wide range of physical 6-8 and biological 9 samples under ambient conditions. To date, however, NV-diamond magnetic imaging has been performed using "real space" techniques, which are either limited by optical diffraction to ≈250 nm resolution 10 or require slow, point-by-point scanning for nanoscale resolution, e.g., using an atomic force microscope, 11 magnetic tip, 5 or superresolution optical imaging. 12 Here we introduce an alternative technique of Fourier magnetic imaging using NV-diamond. In analogy with conventional magnetic resonance imaging (MRI), we employ pulsed magnetic field gradients to phase-encode spatial information on NV electronic spins in wavenumber or "k-space" 13 followed by a fast Fourier transform to yield real-space images with nanoscale resolution, wide field-of-view (FOV), and compressed sensing speed-up.
Here represents the NV quantization axis as shown in Fig. 1a .
The Fourier magnetic imaging pulse sequence consists of a laser initialization pulse, a microwave dynamical-decoupling sequence for spin-state manipulation, 17, 18 and a laser readout pulse (Fig. 1d) . A pulsed gradient field ( / and/or / ) for NV spin phase-encoding is applied during the microwave sequence. The sign of the gradient can be switched during alternate free precession intervals to enable AC magnetic field is the maximum k value used in the measurement.
As a first demonstration of NV Fourier imaging, we acquired a one-dimensional image of a single NV centre in a low NV density sample (Sample A, see Methods) by varying only the / gradient strength and using a 4-pulse Carr-Purcell-MeiboomGill (CPMG) decoupling sequence. The image was acquired for k values between 0 and 0.144 nm -1 , with clear oscillations with a period of 0.0025 nm -1 seen in the k-space image (Fig. 2a) . Upon Fourier transformation, the k-space image produced a real-space image with a single peak indicating the single NV location. The peak width and amplitude correspond to a real-space pixel resolution of 3.5 nm and SNR=13 (Fig. 2b ). This resolution surpasses the highest demonstrated to date for NV centres using STED superresolution microscopy (≈6 nm). 19 The data acquisition time per point in k-space was = /( * 2 ) ≈20 ms, where T is the total imaging time and Npix is the number of pixels in the real-space image. We observed no significant broadening of the real-space signal peak at this image resolution, indicating that there was insignificant effect from technical issues such as gradient current instability, thermal fluctuations, mechanical vibrations, and laser instability.
We next demonstrated two-dimensional Fourier imaging of multiple NV centres using a high-NV-density sample (Sample B, see Methods). To create a regular pattern of NV centres to be imaged for this and later demonstrations, we fabricated arrays of nanopillars (400 nm diameter, 100 nm height, 1 m spacing) on the diamond surface.
We chose the implant dosage and nanopillar size such that there were, on average, two NV centres of the same crystallographic orientation per nanopillar. Scanning electron microscope (SEM) and confocal microscope images of a typical nanopillar, close to the centre of the gradient microcoils, are shown in Figs. 2c and 2d, respectively. We used a spin-echo sequence and varied both the Once the locations of individual NV centres are precisely determined, they can be used as high sensitivity probes to measure magnetic fields that vary on length scales smaller than the optical diffraction limit. To demonstrate such nanoscale Fourier magnetic imaging, we introduced a spatially inhomogeneous magnetic field over the FOV in the centre of the gradient microcoils by sending an alternating electric current, phase-locked to the dynamical-decoupling microwave pulse sequence (see Fig. 1d ), through the external-field wire shown in Fig. 1a ,b. NV centres within this region were thus exposed to different AC magnetic field amplitudes depending on their locations relative to the external-field wire. For a fixed value of the alternating current, the k-space signal for a given NV at location 0 acquires a phase offset = 2 where Bext is the AC magnetic field amplitude (projected along the NV axis) at the site of the NV: i.e., s( ⃗ )~cos(2 ⃗ ⋅ 0 + ). As before, Fourier transforming the k-space image produces a real-space image with [S( )] showing a peak at = 0 . In addition, the argument [S( 0 )] yields the phase shift θ from which Bext can be determined. In Fig. 3 we illustrate how measured values for Bext can be uniquely assigned to the two NV centres shown in Fig. 2f . For each value of the applied alternating current, we recorded a onedimensional k-space image by incrementally varying the / gradient strength. NV-diamond Fourier magnetic imaging can also be integrated with wide-field, real-space microscopy to realize a very large spatial dynamic range: i.e., magnetic imaging with both wide FOV and nanoscale resolution. As a demonstration of such hybrid real + k-space imaging, we scanned the Fourier magnetic microscope across a wide array of NV-containing nanopillars in Sample B and performed both low-resolution real-space and high-resolution k-space NV imaging of magnetic field patterns produced by the external-field wire. Real-space image resolution is limited by optical diffraction, while nanometer-scale information is obtained via Fourier magnetic imaging. For example, we sent an AC current of 5.13 mA and frequency 50 kHz through the externalfield wire and performed low-resolution real-space magnetic imaging on 167 nanopillars in a 15 µm x 15 µm region near the edge of the wire (Fig. 4) . From these measurements, we estimated the magnitude of the magnetic field gradient at each nanopillar location.
Next, we performed high-resolution k-space imaging (followed by Fourier transforming into real-space) of both the location of individual NV centres in several nanopillars with 30 nm spatial resolution, as well as the magnetic field difference Bext sensed by the NV centres within each nanopillar. As shown in Fig. 4 , the resulting nanoscale maps of Bext are consistent with the local magnetic field gradient values obtained with low-resolution real-space imaging. Together, this hybrid real + k-space imaging demonstration provides a spatial dynamic range (FOV/resolution) ≈500. In future work we plan to integrate NV Fourier magnetic imaging with a wide-field real-space imager (e.g., using a CMOS or CCD camera as in refs. 9 and 10), which would obviate the need for scanning and provide parallel and hence rapid real-space imaging across a very wide FOV >1 mm 20 together with nanoscale resolution k-space imaging. The key technical challenge for this approach will be achieving strong, uniform pulsed magnetic field gradients across such a large FOV.
Finally, we showed that the speed of NV Fourier magnetic imaging can be greatly enhanced using compressed sensing techniques. 15, 16 In compressed sensing, signals are sampled at random and at a sampling frequency that may be lower than the Nyquist rate.
Under assumptions of signal sparsity, recovery algorithms based on convex-optimization can then be used to reconstruct the signal in a transform domain with high fidelity. We Our demonstration of Fourier magnetic imaging provides the first method for mapping NV positions and local magnetic fields in wavenumber or "k-space," which can then be Fourier transformed to yield real-space images with both nanoscale resolution and wide field-of-view (FOV). The distinct advantage of this approach, relative to realspace imaging, is spatially multiplexed signal acquisition across the full FOV, which enhances the SNR for typical NV centre densities; enables a higher data acquisition rate that can be increased by more than an order-of-magnitude with compressed sensing; and allows one to probe classical or quantum correlations in samples by conducting simultaneous measurements using multiple, spatially-separated NV centres. We also emphasize the relative simplicity of the apparatus needed for Fourier imaging, with the micro-gradient coils used for phase-encoding being easily integrated with an optical microscope. We expect that NV Fourier magnetic imaging will be applicable to a broad range of systems that can be placed on or near the diamond surface. Example applications in the physical sciences include probing quantum effects in advanced materials, such as frustrated magnetic systems with skyrmionic ordering; spin liquids where quantum spin fluctuations prevent the system from ordering; low-dimensional systems such as graphene, as well as anti-ferromagnetic and multiferroic materials; and topological insulators with quantized spin-carrying surface states. In the life sciences, NV Fourier magnetic imaging may allow nanoscale NMR spectroscopy 21 
Methods

NV physics
The ground state of the NV centre is a spin-triplet with a 2.87 GHz zero-field splitting between the |0〉 and | ± 1〉 spin states (Fig. 1c ). An applied magnetic field defines a quantization axis and Zeeman splits the | ± 1〉 states. Under optical excitation at 532 nm, the NV centre undergoes spin-state-preserving transitions between the electronic ground and excited states, emitting fluorescence in the 640 nm to 800 nm band. A non-radiative decay pathway from the | ± 1〉 excited states to the |0〉 ground state allows optical initialization of the NV centre, as well as optical readout of the spin state via spin-statedependent fluorescence intensity. keV) and the estimated NV depth was 20 nm. The conversion efficiency from implanted N ions to NV centres in both samples was estimated to be ~1%. Typical NV spin dephasing times were T2 * ≈ 1 s (Sample A) and 500 ns (Sample B); while the typical Hahnecho spin coherence times were T2 ≈ 50 s (Sample A) and 30s (Sample B). Magnetic field gradients used in the Fourier imaging demonstrations did not significantly affect NV spin coherence properties across the imaging FOV. 30 To fabricate diamond nanopillars, Sample B was spin coated with a 100 nm-thick layer of e-beam resist (XR-1541-006).
Fabrication of nanopillars and gradient coils
Arrays of 400-nm-diameter circles were then patterned using an Elionix ELS-7000 ebeam writing system with exposure dosage and beam energy set at 8,000 µC/cm 2 and 100 kV respectively. Tetra-methyl ammonium hydroxide (25%) was used to develop the resist and form the etch mask. The diamond crystal was then placed in an inductively coupled plasma (ICP) reactive-ion etching system and etched for 45 s with 30 s.c.c.m. of oxygen gas, 700 W ICP power, and 100 W bias power at a chamber pressure of 10 mtorr.
These parameters gave an etch depth of ~150 nm. The gradient coils were fabricated on a polycrystalline diamond coverslip (10 mm × 10 mm × 0.3 mm) for optimized heat dissipation. The coverslip was spin coated with LOR 20B (bottom layer ~2 µm) and Shipley S1805 (top layer ~400 nm) photoresists, exposed using a mask aligner, and the pattern was developed in a CD26 bath. A 30 nm Ti layer and a 970 nm Au layer were then deposited in an e-beam evaporator, followed by lift-off in MicroChem Remover PG solution. Electrical resistance measurements, performed using a four-probe station, gave a value of ~1 Ω for each gradient coil. A heat sink was attached to the back surface of the diamond coverslip to enhance heat dissipation.
Data analysis
Fourier magnetic imaging signals were recorded in k-space using the techniques de- 
Compressed sensing
The under-sampled k-space data was windowed with a tapered-cosine function (taper pa- field Bext produced by current in the external-field wire can be sensed using the procedure described in the main text. 
I. Fourier magnetic microscope
The Fourier magnetic microscope consisted of a home-built scanning confocal microscope and a diamond coverslip on which gradient microcoils were photo-lithographically defined. Optical excitation for the confocal microscope was provided by a 400 mW diode-pumped solid state laser (Changchun New Industries) operating at 532 nm. An 80 MHz acousto-optic modulator (Isomet Corporation) controlled laser pulses for spin initialization and read-out. A single-mode fiber was used to clean up the mode profile of the laser and the output of the fiber was sent to a 100X oil-immersion objective with a numerical aperture of 1.3 (Nikon CFI Plan Fluor). The NV-containing diamond sample was mounted on a three-axis motorized stage (Micos GmbH) that allowed scanning of the sample in the focal plane of the objective. Fluorescence from NV centres was separated from the 532 nm excitation light with a dichroic beam-splitter (Semrock LM01-552-25).
After filtering through a long-pass filter (Semrock LP02-633RS-25), the fluorescence was focused into a single-mode fiber with a mode-field-diameter ~5 m (which acted as the pinhole of the confocal microscope) and sent to a single-photon counting module (Perkin Elmer SPCM-ARQH-12). Pulses from the detector were read using the counter input of a DAQ card connected to a computer. Microwave excitation was provided by a signal generator (Agilent E4428C) whose output was amplified (Mini-circuits ZHL-16W-43-S+) and sent though a microwave loop defined on the diamond coverslip. Fabrication of the photo-lithographic patterns on the diamond coverslip is described in the Methods section of the main text. Gradient pulses were defined using the arbitrary waveform function of a programmable signal generator (Stanford Research Systems SRS345) and amplified by an audio-frequency amplifier (Texas Instruments LM4780). The bandwidth of the gradient pulses was limited by the slew rate of the amplifier to approximately 1 MHz.
II. Thermal effects of gradient microcoil operation
The resistance of each gradient microcoil was 1.4 , such that 1.4 W of heat was generated at a typical peak current of 1 A. A copper heat sink cooled by a fan was attached to the back surface of the diamond coverslip to promote effective heat dissipation. To assess thermal performance under standard operating conditions, the system was modeled using COMSOL Multiphysics software. With a heat sink and fan cooling we estimated a steady-state temperature rise of the diamond sample of <10 K at 1 A peak current. An analytical model based on techniques described in Ref. S1 gave similar temperature estimates.
The rise in temperature was experimentally determined using two techniques. In the first technique, electron spin resonance (ESR) measurements were performed on NV centres within a nanopillar, both with and without a steady current of 1 A in the gradient microcoil. The magnetic field produced by the gradient microcoil induced a Zeeman shift of the ESR resonance line (in addition to that caused by the static magnetic field). A tem-perature change of the diamond sample due to current in the gradient microcoil also caused a decrease in the zero-field splitting of 74.2 kHz per degree rise in temperature (Ref. S2) . From the observed 1 MHz shift in the zero-field splitting when a steady current of 1 A was sent though the microcoils, the temperature shift was estimated to be ≈13 K ( Fig. S1(a) ). In the second experimental technique, the change in resistance of the microcoil was measured as a function of current. From the known value of the temperature coefficient of resistance of gold, the temperature rise at 1 A current was estimated to be ≈13 K (Fig. S1(b) ). The actual temperature rise of the diamond sample during Fourier magnetic imaging is expected to be less than these values due to the finite duty cycle of the gradient pulse sequence shown in Fig. 1d of the main text. Here, the temperature coefficient of resistance for gold ≈0.0034 K -1 is used. When 1 A current is applied, the estimated temperature increase ≈13 K, consistent with the result from ESR measurements.
III. Gradient calibration
As described in the main text, NV signals for a point in k-space have the form ( ⃗ )~cos(2 ⃗ . 0 ), where ⃗ = ( / , / ). Thus the magnitude of k is proportional to the gradient, which is in turn proportional to the current I, and this current is proportional to the voltage V applied by the SRS345 programmable signal generator. The overall proportionality constant, which maps V to k, was estimated using the procedure described below.
A low-resolution one-dimensional phase encoding sequence was run sequentially on a set of 7 nanopillars along the X (and separately Y) direction. The NV signal was measured as a function of SRS345 voltage, V. The signal for each nanopillar was then Fourier transformed to obtain a peak in "inverse voltage" space. The peak positions (in units of Volt -1 ) were then plotted as a function of nanopillar positions. The inter-pillar spacing of 1 micron, known from the defined lithographic pattern (see Methods), allowed conversion between Volt -1 units and distance units in microns. This calibration procedure made accurate determination of local gradients possible and also properly accounted for any misalignment between the diamond coverslip patterned with microcoils and the NVcontaining diamond sample. Calibration data for the Y micocoils is shown in Fig. S2 below. Similar results were obtained for the X coils. 
V. Noise statistics and thresholding
The noise in k-space signals was observed to be Gaussian in nature. Upon Fourier transformation, the noise in the real and imaginary parts of the real-space signal was also observed to be Gaussian, as shown in Fig. S3 . This is to be expected, as Fourier transformation is a linear operation and will not alter noise statistics. The noise in the absolute value of the real-space signal, however, was observed to follow a Rayleigh distribution (Fig. S3) . This is well known in the theory of MRI (Ref. S3). The standard deviation of the Rayleigh distribution was computed and the real-space data was thresholded at 5 times this standard deviation to obtain the 2D images of NV centres shown in the main text. 
VI. Multiplex advantage
In this section we discuss the circumstances under which Fourier (k-space) imaging is faster than imaging based on point-by-point (real space) scanning. To make the discussion broad-based and not specific to NV centers, we make the following simplifying assumptions. We assume ideal photon emitters that emit photons per second, which are to be imaged using both point-by-point scanning and Fourier techniques. We further assume that each emitter is a two-level spin system with optical contrast =1; i.e., all photons are emitted by the spin-down state and zero photons by the spin-up state.
We first consider the case of point-by-point scanning. If the imaging device scans over number of pixels spending time per pixel, then the total imaging time is and the SNR is √ . The data acquisition time, defined as = ( * SNR 2 ) ⁄ , where is the total imaging time, is therefore given by = 1⁄ .
In Fourier imaging, data is first acquired in k-space. Assuming the number of k-space points is and photons are counted for time per pixel, the total imaging time is and the SNR in k-space is √ . To compute SNR is real space (i.e., after Fourier transformation) we use Parseval's theorem and find ( ) = / √ ( ) and ( ) = √ ( ) , which implies (SNR) = √ / (SNR) . Here the subscripts r and k represent real space and k-space respectively. The SNR for Fourier imaging is therefore equal to √ , which is higher than the SNR for point-by-point scannng by a factor √ . Consequently, the total data acquisition time for Fourier imaging is = 1 ( * ⁄ ), which is less than that of point-by-point scanning by a factor . This improvement in SNR (or equivalently, multiplex speed-up in data acquisition time) is well known in FTIR spectroscopy, where it is referred to as the Fellgett advantage [S4] .
Note that the full multiplex enhancement in SNR may not always be realized under realistic experimental conditions. For example, if the optical contrast is not perfect or if the point-spread-function of the signal peaks is wider than the imaging resolution, then the multiplex advantage will be diminished, though it may still be substantial. In Fig. S4 we use data from Figs. 2a and 2b of the main text to show how SNR in real space scales with the number of pixels under our experimental conditions. The SNR is observed to increase with the number of pixels albeit with a slightly smaller exponent of 0.36(8) instead of 0.5. 
VII. Gradient sensitivity
The gradient sensitivity between the two NV centers in Fig. 3 of the main text is calculated from the uncertainty of the field gradient, which is given by G = ΔB/Δx, where ΔB = B(x1) -B(x2) = 650 nT is the measured field difference between the two NV centers and Δx = x1 -x2 = 121 nm is the distance between them. Through error propagation the minimum detectable gradient is found to be δG = G [(δΔB/ ΔB) 2 + (δΔx/Δx) 2 ] 1/2 where δΔB = √2* δB = √2*(1200 nT /√T) is the uncertainty in the magnetic field difference, and δΔx = √2* δx ~ √2* (30nm /SNR/√T) is the uncertainty in the NV separation. Here T represents the total measurement time. Note that the dominant contribution comes from the first term. The magnetic field gradient sensitivity is thus given by ηG = δG√T = (650 nT/121nm)[( √2*1200 nT/650nT) 2 
